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Abstract 
The shock wave structure in a one-dimensional lattice (e.g., granular chain) with a 
power law dependence of force on displacement between particles ( F ∝δ n ) with viscous 
dissipation is considered and compared to the corresponding long wave approximation.  
A dissipative term depending on the relative velocity between neighboring particles is 
included in the discrete model to investigate its influence on the shape of steady shock 
profiles. The critical viscosity coefficient pc is obtained from the long-wave 
approximation for arbitrary values of the exponent n and denotes the transition from an 
oscillatory to a monotonic shock profile in strongly nonlinear systems.  The expression 
for pc converges to the known equation for the critical viscosity in the weakly nonlinear 
case.  This expression for the critical viscosity is comparable to the value obtained in the 
numerical analysis of a discrete particle lattice with a Hertzian contact interaction 
corresponding to n = 3/2.  An initial disturbance in a discrete system approaches a 
stationary shock profile after traveling a short distance that is comparable to the width of 
the leading pulse of a stationary shock front.  The shock front width is minimized when 
the viscosity is equal to its critical value.  
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I.  INTRODUCTION  
It is well known that one dimensional (1D) and ordered two and three dimensional 
lattices (granular materials) support compressive strongly nonlinear solitary waves for 
“normal” nonlinear interaction laws between particles [1].  For example, these waves 
exist when the force between particles exhibit a power-law dependence on displacement 
( F ∝δ n ) for n > 1 [2–5]. The long wave approximations for power-law materials have 
exact solutions for solitary waves in non-dissipative particle lattices. When lattices are 
statically compressed they exhibit a dynamic nonlinear behavior that can be tuned [7] 
from the strongly to the weakly nonlinear regime.  The properties of a solitary wave 
obtained from the long wave approximation agree very well with the results of 
experimental studies [1, 6, 7, 8].  However, dissipation significantly attenuates 
compression pulses in many experimental settings in the strongly and weakly nonlinear 
regimes and should be included to model real granular systems.  
There have been a number of analytical and numerical studies that introduce 
dissipation into the equations of motion for granular systems. The behavior of a viscous 
granular gas was investigated [9] using a viscous drag term depending on the velocity of 
individual particles. Coefficients of restitution were used to investigate inelastic 
collisions between two particles [10, 11] and viscoelastic interactions were introduced in 
[12, 13]. Attenuation in a one dimensional lattice is analyzed in [14, 15].  In [16] coupled 
dashpots representing viscous dissipation depending on the relative motion between 
atoms were introduced for the investigation of steady shock waves in anharmonic spring-
mass systems. The influence of Stokes drag force, which is a function of particle 
velocities, and damping depending on the relative motion of particles on enveloped 
solitons in anharmonic discrete lattices was considered in [17].  
Recent experimental and numerical work on pulse propagation in lattices immersed in 
media with different viscosities (air, oil and glycerol) [18] demonstrated that a dissipative 
term based on the relative velocities between particles affect the wave propagation more 
significantly than Stokes drag. The mechanism of this phenomenon is related to fluid 
being expelled from and returning to the elastic contact area during dynamic particle 
interaction.  
The dissipation process influences the behavior of media in the transition area within 
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the shock front and determines the shape of shock profile.  For example, in a weakly 
nonlinear system described by the Korteweg de Vries (KdV) equation, two qualitatively 
different shock profiles exist depending on the value of the viscosity [19]; oscillatory if 
below the critical value and monotonic if above. These two profiles also appear 
experimentally in strongly nonlinear systems using geometrically identical lattices of lead 
and steel particles under similar loading conditions [1]. The energy dissipation in the 
strongly nonlinear lead particle lattice is attributed to the significant plastic deformation 
in the vicinity of the particle contact, which resulted in a monotonic shock profile.  
To the best of our knowledge there is no result for the critical viscosity that ensures a 
transition from an oscillatory to a monotonic shock profile in strongly nonlinear discrete 
lattices (e.g. granular chains) or in the corresponding long-wave approximations.  
This paper studies the effects of this dissipative term on the type of shock wave 
profiles (i.e. monotonic or oscillatory) in a discrete strongly nonlinear system using 
numerical analysis.  A dissipative term based on the relative velocity between 
neighboring particles is introduced in the discrete equations and a critical viscosity is 
found using the long wave approximation.  The numerical results are then compared to 
the analytical treatment of the same system in the context of the long-wave 
approximation. 
 
II.  EQUATIONS OF MOTION FOR A STRONGLY NONLINEAR DISSIPATIVE 
DISCRETE LATTICE 
In the general case an interaction law between neighboring particles in a 
nondissipative 1D lattice can be described by a function of their relative displacements 
f ui − ui+1( ), where ui is the displacement of the i-th particle. To account for viscous 
dissipation, a term based on the relative velocities between particles [16–18] is added to 
the description 
( ) ( ) ( )1111 2 +−+− +−+−−−= iiiiiiii uuuuufuufum &&&&& μ                       (1) 
where m is the mass and μ is the viscosity coefficient.  A compressive solitary wave 
exists for Eq. (1) in the absence of dissipation and a stationary shock wave exists when 
dissipation is included for a “normal” interaction law in the continuum approximation of 
this discrete system [1,20].  The term “normal” refers to an increasing repulsive potential 
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as the distance between particle centers decreases (f ′′ > 0) [1].  In the case of abnormal 
interactions (f ′′ < 0) solitary and shock rarefaction waves may exist in the frame of long 
wave approximation.  The various properties of these two types of waves are discussed in 
[1].  The existence of solitary waves in a non-dissipative discrete lattice for “normal” 
interactions is proven in [20].  As a subset of Eq. (1), particles interacting according to a 
power-law potential represent a relatively broad class of interactions where exact 
solutions of long-wave approximations can be found for solitary waves [21].  Numerical 
analyses for various values of n agree well with the results obtained in the long-wave 
approximation [15, 22, 23].  The system of equations using a power law potential 
including a viscous dissipation term is 
( ) ( ) ( ),uuupuuAuuAu iiiniinniini 1111 2 +−+− +−+−−−= &&&&&                       (2) 
where An depends on the geometry of the region of contact and the material properties.  
The damping coefficient p is defined p = μ/m, where μ is analogous to the constant used 
for a dashpot model [16, 17].  The classical Hertzian interaction between perfectly elastic 
spherical particles is a special case of Eq. (2) when n = 3/2.  In this case, experimental 
results agree qualitatively with the long-wave approximation and numerical calculations 
for a 1D discrete particle lattice made from various types of materials [1,6]: though 
dissipation was noticeable in all of the experiments. 
 
III. THE LONG WAVE APPROXIMATION AND CRITICAL VISCOSITY 
The long wave approximation is derived from the strongly nonlinear Eq. (2) by 
assuming that the particle diameter, a = 2R, is significantly smaller than the propagating 
wavelength L so that ε ≡ a/L << 1.  The expansion in [24] can be used to approximate Eq. 
(2): 
ui = u x( ), ui−1 = exp −a∂ /∂x( )u x( ),
ui+1 = exp a∂ /∂x( )u x( ).                                         (3)  
The result is the long wave equation for strongly nonlinear waves with dissipation [1], 
utt = −cn2 −ux( )n + na
2
24
n −1( ) −ux( )n−2 uxx2 − 2 −ux( )n−1uxxx( )⎡ ⎣ ⎢ ⎤ ⎦ ⎥ x + pa2utxx              (4) 
where cn2=Anan+1.  Terms of the order O(ε6) and higher are omitted in the expansions of 
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Eq. (2) as well as the convective derivatives, which is valid for a certain range of wave 
amplitudes [1].  It should be noted that cn is not the long-wave sound speed c0.  The 
expression for c0 can be obtained based on the linearization of Eq. (4), c0 = cn nξ0(n−1)/ 2 
[1], where ξ0 is the initial strain due to static compression.  Stationary solutions of Eq. 
(4) without the viscous term have been discussed in [1] and verified numerically in [15, 
22, 23, 25-27] for various values of n.  
We would like to analyze the stationary shock solutions of Eq. (4) u(x, t) = u(x − Dt), 
where D is the shock wave velocity.  This solution satisfies the following, Eq. (5), where 
the strain is defined as ξ(x) ≡ −ux   
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c
Dpa
n
na
c
D
xx
nx
xx
nnn
x
n
x
ξξξξξξξ
2
2
122
2
2
2
21
24
−⎥⎥⎦
⎤
⎢⎢⎣
⎡ +−+= −−                   (5) 
The replacement z = ξ(n+1)/2 is used to simplify Eq.(5), which can be integrated from x to 
∞ with the boundary conditions z(+∞) = z0,  zx(x = +∞) = zxx(x = +∞) = 0, 
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The variable replacements z = (D/cn)(n+1)/(n-1)y and x = aη n /6(n +1)  simplify Eq. (6) to 
another nondimensional form, 
yηη − p y−2 n−1( )/ n +1( )yη + y − y− n−3( )/ n +1( ) + y− n−1( )/ n +1( )C2 = 0,                    (7) 
where p represents the dimensionless viscosity:  
p ≡ 2ap
D
6
n n +1( ).                                                 (8) 
Equation (7) can be expressed as an equation for the nonlinear oscillator moving in a 
“potential field” W(y) with a nonlinear “dissipative” term, 
yηη = −∂W y( )∂y + p y−2 n−1( )/ n +1( )yη ,                                        (9) 
where the “potential” W(y) is defined 
W y( )= 1
2
y 2 − n +1
4
y 4 / n +1( ) + C3y 2 / n +1( ).                              (10) 
The relations between constants C3, C2 and C1 are 
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C3 = n +12 C2 =
n +1
2
cn
D
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ 
2n / n−1( )
C1.                                      (11) 
As a representative example of a real system where particles interact according to 
Hertz law, the potential W(y) is plotted in Fig. 1 and five curves are shown for different 
values of C3 when n = 3/2.  All of the curves (1)-(4) in Fig. 1 have a minimum at y2 and 
maximum at y1.  No stationary solitary waves are permitted in the system represented by 
curve (5) where there is no potential well. 
The motion of a nondissipative oscillator with a total energy equal to the 
maximum of W(y) at y1 corresponds to the solitary wave solution [1].  Nondissipative 
oscillations corresponding to curve (4) have an initial energy close to the maximum of 
W(y), which result in a relatively small range of “displacement” y.  This type of system is 
related to weakly nonlinear waves that exist in a system having a high initial strain with 
respect to the dynamic change in strain caused by the wave.  Curve (1) corresponds to the 
strongly nonlinear case of a sonic vacuum where the initial strain is equal to zero and the 
ratio of the strain in the wave to the initial strain is infinite. 
 The effective potential energy W(y) has a minimum and maximum if C3 is positive 
and smaller than some critical value (5/27 in case if n=3/2) for n >1 [1].  The minimum 
and maximum values of the potential in the presence of dissipation can be interpreted as 
the initial and final states of the stationary shock wave.  The maximum of W(y) at y1 is 
related to the initial strain in front of the shock wave and the minima at y2 corresponds to 
the final equilibrium state.  Each pair of y1 and y2 are uniquely defined by the values of n 
and C3.  
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FIG. 1: Plot of the potential W(y)  for the strongly nonlinear wave equation when n = 3/2 
(Hertzian potential).  Curve (1) C3 = 0, curve (2) C3 = 5/81, curve (3) C3 = 10/81, curve 
(4) C3 = 0.18, curve (5) C3 = 5/27 (limiting case where there is no minimum or 
maximum). The arrows indicate the minima of W(y), y2, which is the final state of the 
shock wave. 
It is possible to express C3 in terms of D, c, and ξ0 for a solitary or shock wave 
solutions using the condition ∂W (y) /∂ y y= y1 = 0, 
C3 = n +12
cn
D
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ 
2 / n−1( )
ξ0 1− cnD
⎛ 
⎝ ⎜ 
⎞ 
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2
ξ0n−1
⎡ 
⎣ ⎢ 
⎤ 
⎦ ⎥ 
.                                   (12) 
Weakly and strongly nonlinear regimes are determined by the values of D with respect to 
sound speed c0, which also determines C3.  For example, when D approaches the c0 then 
C3 approaches 5/27 when n=3/2.   
The behavior of the strain in a stationary shock profile in the vicinity of the final 
state of the shock wave can be analyzed by linearizing Eq. (7) assuming, 
y η( )= y2 + Ψ η( ),                                                   (13) 
where Ψ(η) << y2.  The arrows in Fig. 1 show y2 corresponding to different values of C3.  
It is assumed that the transition from an oscillatory to a monotonic shock profile can be 
identified by the behavior of solutions in the vicinity of the final state represented by y2.  
Substituting Eq. (13) into Eq. (7) results in the linearized equation,  
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Ψηη − p y2−2 n−1( ) / n +1( )Ψη + 2n +1 n − y2
−2 n−1( )/ n +1( )( )Ψ = 0.                       (14) 
In the derivation of Eq. (14) C3 was expressed as a function of y2 based on the equation 
for the derivative of the potential function ∂W (y) /∂ y y= y2 = 0 , 
C3 = n +12 y2
2 /(n +1) − y22n /(n +1)[ ].                                             (15) 
Equation (14) can be viewed as an equation for a linear oscillator with dissipation.  
It has the solution 
Ψ η( )= b1 exp p 2 y2−2 n−1( )/ n +1( ) ± g y2( )
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ η
⎡ 
⎣ ⎢ 
⎤ 
⎦ ⎥                                    (16) 
where b1 is a constant and 
g y2( )= 12 p 2y2−4 n−1( )/ n +1( ) −
8
n +1 n − y2
−2 n−1( ) / n +1( )( )⎡ ⎣ ⎢ ⎤ ⎦ ⎥ 
1/ 2
.                        (17) 
Imaginary values of g(y2) correspond to an oscillatory profile and the transition from an 
oscillatory to a monotonic shock profile occurs when g(y2) = 0.  Thus, the critical 
damping coefficient derives from Eq. (17) and depends on properties of the potential 
function including power exponent n and position of minimum y2: 
p c = 8n +1 ny2
4 n−1( )/ n +1( ) − y22 n−1( ) / n +1( )( ).                                      (18) 
In the case of a sonic vacuum, y2 = 1 (curve (1) in Fig. 1), which corresponds to 
C2 = 0 in Eq. (7).  Using y2 = 1 in Eq. (18) gives the expression for the dimensionless 
critical viscosity corresponding to the transition from an oscillatory to a monotonic shock 
profile in a sonic vacuum for arbitrary n, 
p c,sv = 8(n −1) /(n +1).                                            (19) 
Combining Eq. (19) with Eq. (8) results in a dimensional form of the critical viscosity: 
pc,sv = D /a n(n −1) /3.                                            (20) 
This critical viscosity depends on the amplitude of the shock wave through its speed D, 
which is related to the final particle velocity and the strain behind the shock.  The critical 
viscosity can be close to zero for very small amplitudes of the shock in a sonic vacuum 
since D is not restricted by the sound speed. 
It is interesting to investigate if the critical viscosity given by Eq. (19) is valid in 
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the entire y domain of the fully nonlinear Eq. (7), though it was derived using Eq. (14) in 
the vicinity of y2.  Figure 2 shows the different types of shock wave propagating in a 
sonic vacuum for different values of p by solving Eq. (7) using Matlab. 
 
FIG. 2: Oscillatory and monotonic shock waves in a “sonic-vacuum”. Plot of the 
numerical solution of Eq. (7) for n = 3/2 (Hertzian potential) when C3 = 0 and p c,sv = 
1.265. The curves (1)-(4) in the figure show the solution at different values of p : curve 
(1) p  = p c,sv,  curve (2) p  = 0.75 p c,sv , curve (3) p  = 0.5 p c,sv and curve (4) p  = 
0.25 p c,sv.   
 
The critical value p c,sv = 1.265 was obtained from Eq. (18) using y2 = 1 and n = 3/2 
corresponding to a Hertzian interaction.  The point η=0 corresponds to the value of y 
before the shock wave arrives (y1 corresponding to maximum of W(y) in Figure 1).  In the 
numerical solution to Eq. (7), in the strongly nonlinear regime, an initial displacement of 
Δy=0.001 was given to y to start motion from the point corresponding to y1 (Δy is equal to 
0.1% of the final y2 value).  The shock profile corresponding to the critical viscosity p  = 
p c,sv is shown in Fig. 2(a).  It is apparent that the value of p c,sv  adequately describes the 
transition from the oscillatory  to monotonic profile shown in curves (4)-(1) in Fig. 2. 
We conclude that even though the expression for p c,sv is derived in the vicinity of the 
final state of the shock wave, it captures the global transition from oscillatory to 
monotonic shock profiles in the strongly nonlinear regime corresponding to sonic 
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vacuum.   
Remarkably, the reduction of the viscosity resulting in the transition from monotonic 
to oscillatory shock front does not dramatically reduce the shock onset-width (Fig. 2).  
The term shock onset width is used here to describe the distance, in η, from the initial 
state to the maximum of the first peak of the shock-front.  This can be partially explained 
because the shock onset-width is limited by the half-width of the solitary wave solution in 
a nondissipative system as p → 0.  In [1] the equation for the width of a strongly 
nonlinear solitary wave in a sonic vacuum for particles interacting according to a general 
power law is, 
Ls = πa / n −1( ) n n +1( )/6,                                              (21) 
where a is the particle diameter.  The width of a strongly nonlinear solitary wave can be 
expressed in terms of η for comparison with the shock onset-width seen in Fig. 2.  
Dividing this expression by two gives the nondimensional limit of shock onset-width, 
L s /2 = π n +1( )/ 2n − 2( ).                                            (22) 
Substituting n = 3/2 into this expression results in an onset-width of 7.8, which is very 
close to the width shown in curve (4) in Fig. 2 for a relatively small dissipation value p  = 
0.25 p c,sv.  
It is important to note that the width of the shock front is the distance from the initial 
state, y1, to the steady final state, y2, which is significantly larger than the onset-width for 
the oscillatory shock profile.  The width of the monotonic shock wave corresponding to 
p c,sv is approximately 7a, which is about 3 times greater than the solitary wave half-
width in a non-dissipative strongly nonlinear sonic vacuum type system (see curve (1) in 
Fig.(2)).  In an over-damped system, where p  > p c,sv, the width of the shock front and 
onset-width are identical and increase with increasing viscosity to values larger than the 
shock front width when the viscosity is equal to its critical value p c,sv.  For an 
underdamped system, where p  < p c,sv, the shock front width is again longer than in the 
critically damped case.  For example, compare curve (4) in Fig. 2, where p = 0.25 p c,sv to 
curve (1) in Fig. 2, p = p c,sv. 
It is interesting that a long shock front length that is significantly larger than distance 
between particle centers exists in two distinct cases corresponding to qualitatively 
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different paths to the final state.  In the case of weak dissipation the final state is attained 
through multiple slightly damped oscillations.  In the case of a relatively strong 
dissipation, where p > pc, the final state is attained very slowly without oscillations.  As a 
result the shock front width has a smallest value in a critically damped system at p = pc. 
The critical viscosity given by Eq. (18) corresponds to the transition from oscillatory 
to a monotonic shock profile in the general case including both strongly and weakly 
nonlinear regimes.  It is interesting to compare this prediction of critical viscosity in a 
weakly nonlinear case with the behavior of solution of Eq. (7).  Oscillatory and 
monotonic profiles of y corresponding to Eq. (7) in the weakly nonlinear potential W(y) 
(for values of C3 close to 5/27) were obtained using Matlab and are shown in Fig. 3.  In 
the numerical solution of Eq. (7) in the weakly nonlinear regime, a value of C3 = 
49999/270000 was used, which is slightly smaller than critical value C3 = 5/27.  For this 
value of C3, the initial and final state in the shock wave are y1 = 0.3605474 and y2 = 
0.3652323.  An initial displacement of 0.1% of the difference between the starting and 
final y values (y = 0.3605521) was given to y to start a motion from y1.    
 
FIG. 3: Oscillatory and monotonic shock waves in a weakly nonlinear lattice when C3 = 
49999/270000.  In this plot of the numerical solution of Eq. (7) the calculated p c,w value 
is 0.074 and curves (1)-(4) in the figure show the solution at p . Curve (1) corresponds to 
p = p c,w curve (2) to p = 0.75 p c,w curve (3) to p  = 0.5 p c,w and curve (4) to p = 
0.25 p c,w.  
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In this regime the behavior of the solution in the vicinity of y2 is expected to closely 
match the global behavior of the solution because the change of strain in the wave is 
small compared to the initial strain of the system.  The decrease of viscosity from the 
critical value p c,w taken from Eq. (18) to the smaller values 0.75 p c,w, 0.5 p c,w and 
0.25 p c,w corresponds to the transition from the monotonic profile curve (1) to the 
oscillatory shock profiles  (2), (3) and (4) in this weakly nonlinear regime.   
The equation for the critical viscosity in a system that behaves according to the 
weakly nonlinear KdV equation is derived in [19].  We can relate the general equation for 
the critical viscosity Eq. (18) with the known result of the partial weakly nonlinear case 
using n = 3/2 for the Hertzian potential between particles for future comparison with 
experiments.  Also, the KdV equation with dissipation corresponding to Eq. (18) can be 
easily obtained to apply results of [19] straightforward. 
It is assumed that the weakly nonlinear system is initially compressed resulting in 
initial strain ξ0 and that any traveling wave is a small perturbation: εξξ += 0 , 
( ) 10 <<ξε /t,x .  The initial strain is the second small parameter we need to derive the 
weakly nonlinear equation in addition to R/L<<1 required for the long wave 
approximation, where L is the characteristic wavelength.  The resulting wave equation 
takes the form of the KdV equation including dissipation when written for a wave 
traveling in one direction, 
,
cc
pˆ
cpˆ xxxx
w
xxxwt 0
22 00
2
0 =+⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
−++− εεσεγεεε                              (23) 
where ˆ p w ≡ 2R2 p  is the viscosity coefficient for a system that permits weakly nonlinear 
waves (thus the subscript w) and has units of dynamic viscosity and 
δ0 = 2Rξ0 , c02 = 6AR2δ01/ 2, σ = c02R /δ0
c 2 = A 2R( )5 / 2, γ = c0R2 /6.                             (24) 
Note Eq. (23) contains a second order correction to the dissipative term.  Neglecting this 
term is validated because pc → 0 as y2 and C3 approach their critical values (see curves 
(4) and (5) in Fig. 1).  The equation of critical viscosity for this weakly nonlinear system 
based on [19] is 
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pc,w = c06R
D
c0
−1.                                                 (25) 
Equation (25) can also be obtained as the limit of the critical viscosity in the general 
strongly nonlinear case given by Eq. (18) as D → c0.  For a Hertzian interaction, n = 3/2 
is placed into Eq. (18) along with the definition of p from Eq. (8), 
pc = D2 2R
3
2
y2
4 / 5 − y22 / 5 .                                                  (26) 
To write this equation in terms of the speed of the shock wave D and initial sound speed 
c0 we can use the relation between y2 and y1 [28] 
y2 = 12 1− y1
2 / 5 + 1− y12 / 5( )1+ 3y12 / 5( )( )⎡ ⎣ ⎢ ⎤ ⎦ ⎥ 5 / 2.                               (27) 
Using the expressions for c0, 
,c/c / 2210
2
0 23 ξ=                                                          (28) 
and for y1 in terms of c0 and D, 
y1 = 2 /3( )5 / 2 c0D
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ 
5
,                                                     (29) 
and substituting Eqs. (27)-(29) into Eq. (26) obtain 
.
D
c
D
c
D
c
D
c
D
c
R
c
p
/
c
21
2
0
4
0
2
0
2
0
2
00
3
4
3
4
21
3
4
3
4
24 ⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
−⎟⎟⎠
⎞
⎜⎜⎝
⎛+⎟⎟⎠
⎞
⎜⎜⎝
⎛
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
⎟⎟⎠
⎞
⎜⎜⎝
⎛−+⎟⎟⎠
⎞
⎜⎜⎝
⎛+⎟⎟⎠
⎞
⎜⎜⎝
⎛−=
−−−
   (30) 
When the strongly nonlinear system is precompressed, D = c0 + Δ (Δ/c0<<1), and this 
small parameter can be used to expand Eq. (30).  This expansion results in the critical 
viscosity in the weakly nonlinear system, 
 
pc,w = c0Δ6R2 .                                                               (31) 
Eq. (25) is recovered from Eq. (31) with the replacement Δ = D - c0.  Thus, Eq. (18) 
describes the transition from oscillatory to monotonic shock profiles in a general strongly 
nonlinear case and is consistent with the known equation for the critical viscosity in a 
weakly nonlinear system.   
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IV. NUMERICAL INVESTIGATION OF THE CRITICAL VISCOSITY IN A 
DISCRETE SYSTEM 
Numerical analyses of a discrete particle lattice are presented here for comparison 
with the results based of long-wave approximation leading to the value of critical 
viscosity, Eq. (18).  There are a few key qualitative differences between the analytical 
approach in the frame of long wave approximation and numerical calculations.  First, the 
analytical approach assumes a stationary profile with a constant shock wave speed but 
does not account for the transient development of the wave into its steady state.  
Additionally, the absence of a restoring force in the discrete system distinguishes it from 
the continuum in complex ways even in the absence of dissipation [29].  Also, it is 
important to compare the critical viscosity value derived from the long wave 
approximation to shock waves in discrete chains because the width of a weakly dissipated 
shock wave is comparable to the size of the particles; especially for large values of n.  
This may result in a significant difference between the shock wave solutions in the frame 
of the long wave approximation and the discrete lattice.  The numerical analysis will also 
test how well Eq. (18) and (19) predict the transition from an oscillatory to a monotonic 
shock profile in a discrete system even though the expressions for pc rely on the solution 
in the vicinity of the final state of the shock wave.  This numerical investigation will 
consider a sonic vacuum type system.  The solution based on long wave approximation is 
expected to be a better fit to a behavior of discrete system as it approaches the weakly 
nonlinear regime.  
In the numerical simulation, a shock wave is created by prescribing a velocityυ 0 to 
the first particle of an initially quiescent lattice at t = 0.  The velocity of the first particle 
is held constant throughout the calculations. Since a strain in a wave and not the particle 
displacements are used in the long-wave approximation, we use the discrete displacement 
solution to find the strains. The equation for the strain on a discrete lattice ξ taken 
between particles i and i + 1 is 
( ) .R/uu ii 21+−=ξ                                                   (32) 
To compare numerical results for not stationary shock wave in discrete lattice with 
stationary solution in long wave approximation we select the particle velocity in the final 
state in the shock wave being equal to the velocity of the first particle in numerical 
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calculations.  It should be mentioned that final state in the shock wave in sonic vacuum in 
long wave approximation corresponds to the value of y = 1 (see Fig. 1) resulting in the 
following relations between shock speed D, particle velocity υ 0 and strain in the final 
state ξsh: 
( ) ( ) ( ) ( ) .ccD /nshnn/nn/n 2111012 −+−+ == ξυ                                      (33) 
The plots for the results of numerical calculations and for the curves obtained in the long 
wave approximation are presented in nondimensional coordinates y and η 
( ) ( ) ,/cy /nn 210 += ξυ                                                 (34) 
 ( ) .n/n
R
tc )n/()n()n/(n 16
2
11
0
12
+−=
+−+ υη                                     (35) 
We compare the numerical solution for oscillatory and monotonic shock waves with 
the long wave approximation using Eq. (19) with n = 3/2 for spheres interacting with a 
Hertzian potential.  The values of p in the numerical analysis were taken p = 0.1pc and p 
= pc.  Note that p is used instead of p  because the displacements, ui, are converted to 
discrete y values after the simulation.  However, the values of p in the numerical 
simulations were calculated to match the p  values for the comparison with the long-wave 
approximation.  The data in Table I were selected to resemble a real system similar to 
those found in previous experimental work [7, 18, 29] for the purpose of future 
verification.  The expression for A in the numerical analysis of Eq. (2) assumes a 
homogeneous particle mass and radius throughout the lattice: A = E(2R)1/ 2 /(3m(1−ν 2)), 
where m = 4 /3πR3ρ0 . 
TABLE I: Parameters Used in Numerical Analysis 
 Symbol Units Value 
Young’s Modulus E [GPa] 193 
Poisson’s Ratio ν - 0.3 
Density ρ [kg/m3] 8000 
Particle Radius R [m] 2.38 10-3 
Mass m [kg] 4.52 10-4 
Critical Viscosity μcra [Ns/m] 32.15 
Number of Particles N - 1000 
Initial Velocity υ 0 [m/s] 0.5 
Time Step δt [μs] 0.875 
aμ=mpc 
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The following Figs. 4 to 6 are presented to illustrate both the developing and final 
state of an oscillatory and monotonic shock wave in a discrete system using 1000 
particles with a power law exponent n = 3/2 and sonic vacuum initial conditions.  The 
value of pc used to investigate the behavior of the discrete system is taken directly from 
the combination of Eq. (19) and Eq. (34) and the values from Table I with ‘sonic 
vacuum’ initial conditions. 
 
FIG 4: Early development of an oscillatory shock wave in a discrete strongly nonlinear 
lattice. Curve (1) The numerical solution of the long-wave approximation, Eq. (7), for p  
= 0.1 p c. Curve (2) The circles represent the path of y in a discrete particle lattice for the 
interaction of the 15th and 16th particle from t = 48.13μs (far right) to t = 102.4μs (far 
left). 
 
Figure 4 depicts the early development of an oscillatory shock wave in a discrete 
lattice when p = 0.1pc from t = 48.13μs to t = 102.4μs.  The points comprising curve (2) 
in Fig. 4 are the discrete y values between the 15th and 16th particles.  Note the slightly 
larger amplitude of the first peak and the underdevelopment of the oscillations behind it 
in comparison to the analytical solution shown in curve (1).  Despite this, the qualitative 
behavior of the shock wave matches well with the long-wave approximation even though 
it is unsteady.   
The early development of a monotonic shock profile at a distance close to the 
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entrance in a discrete lattice is shown in Fig. 5 curve (2) for the critical viscosity pc found 
in the long wave approximation.  Curve 1 in Fig. 5 represents the stationary profile of a 
shock wave in the long wave approximation (it is identical to curve (1) in Fig. 2) for 
comparison to the results for discrete lattice.  The y values for the contact between 5th and 
6th particles are shown from t = 5μs to t = 35μs.   
In the unsteady state, curve (2) oscillates slightly as it approaches y = 1 behind the 
shock front and the shock onset width is less than that of curve (1).  Despite this 
oscillation it is interesting that even in this unsteady state the shape of the shock profile 
closely resembles the steady state solution for the long-wave approximation.  This shows 
that the critically damped shock profile in a strongly nonlinear discrete system 
approaches a stationary state after traveling only a few particles after formation.  
 
FIG. 5: Comparison of early development of a monotonic shock wave in a discrete 
strongly nonlinear lattice and stationary solution in long wave approximation. Curve (1), 
the solid line is a plot of the solution of the long-wave approximation, y(η), for p = p c. 
Curve (2), the circles represent the path of y in a discrete lattice for the interaction of the 
5th and 6th particle from t = 3.5μs to t = 35μs (traveling from right to left).    
 
In Figs. 4 and 5 the unsteady shock profiles formed close to the entrance were 
compared to the stationary solution in long-wave approximation.  It is interesting to 
compare them at larger distances from the entrance where shock profiles in the discrete 
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lattice should be closer to a shape corresponding to steady state.  We assume that if a 
profile is not changing qualitatively after traveling through a few hundred particle 
contacts, it is steady enough for the present discussion.  Both oscillatory and monotonic 
profiles in the long-wave approximation and the discrete lattice at a few distances from 
entrance are shown in Fig. 6.  The stationary shapes of the oscillatory shock waves shown 
in curves (1) and (2) in Fig. 6(a) are interesting for a number of reasons.  The amplitudes 
of the oscillations behind the leading pulse are slightly larger than in the nonstationary 
case corresponding to curve (2) in Figure 4.  
 
 
FIG. 6: Comparison of oscillatory and monotonic steady shock waves in a discrete 
strongly nonlinear lattice and the results of the long wave approximation.  Curve (1) is a  
stationary solution of the long wave approximation for an oscillatory shock front; curve 
(2) is a set of discrete points representing the parameter y related to the strain between 
particles: ? -- particle contacts 218-234 at time t ≅ 1638 μs, ? -- particle contacts 454-
468 at t ≅ 3278μs, ? -- particle contacts 685-701 at t ≅ 4918μs, ? -- particle contacts 
919-934 at t ≅ 6557μs; curve (3) is a stationary solution of the long wave approximation 
for a monotonic shock front; curve (4) is set of discrete points representing the parameter 
y between particles for comparison with curve (c): ? -- particle contacts 455-470 at t  ≅ 
3278μs, ? -- particle contacts 921-937 at t  ≅ 6557μs. 
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Curve (4) in Fig. 6 closely matches the long-wave approximation curve (3) for the 
monotonic shock wave.  The tiny oscillations on the initial stage of shock propagation 
(they hard to see at the magnification corresponding to Fig. 5(b)) have disappeared as the 
wave became steady in Figure 6(b), curve (2).  The difference in shock-front widths is 
indistinguishable comparing these two curves.  This means that the critical value of 
viscosity pc from Eq. (19) captures the transition from oscillatory to monotonic wave 
profiles very well.  
 
VI. CONCLUSIONS 
The long-wave approximation of a strongly nonlinear system with a power law 
dependence of force on displacement was extended to include viscous dissipation that 
depends on the relative velocities of neighboring particles.  From this approach an 
equation for a critical viscosity describing the transition from oscillatory to monotonic 
shock profiles in a strongly nonlinear regime was derived.  This equation naturally 
includes the weakly nonlinear case.  Numerical calculations of the discrete system agreed 
well with the results of long wave approximation.  It should be emphasized that the initial 
disturbance in a discrete chain approaches a stationary shock regime at a distance 
comparable to the width of the stationary shock front.  This is analogous to the case of a 
nondissipative system where the initial disturbance forms a single wave or a train of 
solitary waves after traveling a short distance that is comparable to the width of the 
solitary wave. The shock front width is minimized when the viscosity is equal to its 
critical value.  
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